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In this work, we extend the application of “the modified reductive perturbation method” to the
symmetrical regular long wave equation and try to obtain the contribution of higher-order terms in
the perturbation expansion. It is shown that the lowest-order term in the expansion is governed by
the nonlinear Schrodinger equation while the second- and third-order terms are governed by the
linear Schrodinger equation. By employing the hyperbolic tangent method, progressive wave type
solutions are obtained for the first-, second- and third-order terms in the perturbation expansion. —
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1. Introduction

Asymptotic and perturbation analysis have played
a significant role in theoretical physics and applied
mathematics. This method is to continuously deform
a simple problem easy to solve into the difficult prob-
lem under study. In many cases, regular perturbation
methods are not applicable, and various singular per-
turbation techniques must be used. Examples of widely
used techniques include the homotopy perturbation
method [1], the Adomian decomposition method [2],
and various Lindstedt-Poincare methods [3]. Although
these methods are well known, each has its own draw-
backs, preventing mechanical (or algorithmic) appli-
cation. In most perturbation methods it is assumed
that a small parameter exists, but most nonlinear prob-
lems have no small parameter. Furthermore, equations
whose highest-order derivatives are multiplied by a
small parameter ¢ often yield solutions with narrow re-
gions of rapid variation.

So far, many new methods have been proposed to
eliminate the small parameter in the equation. Among
them, the reductive perturbation method [4] has been
introduced by use of the stretched time and space vari-
ables to study the higher-order terms in the perturba-
tion expansion. The negligence of higher-order dis-
persive effects in the classical reductive perturbation
method leads to the imbalance of nonlinearity and dis-

persion, which results in some secular terms in the so-
lution of the evolution equations. Recently, in [5] the
“modified reductive perturbation method” is presented,
which provides a more natural and effective way to find
weakly dispersive ion-acoustic plasma waves and soli-
tary waves in an elastic tube filled with fluid. By em-
ploying the hyperbolic tangent method a progressive
wave type of solution can be sought and possible secu-
larities can be removed.

The method of modified reductive perturbation, for
instance, is applied for finding solutions of partial dif-
ferential equations:

A(¢7¢X7¢ta¢)¢7"'):0' (1)

Following [5], we introduce the stretched variables
& =e(x—At), T = €2gt, that is ¢ = ¢(x,t,&, 7). Fur-
thermore, we assume that an approximate solution has
the form

¢ = 1 +e29p + 393+ O(e?). )

Substituting expression (2) into (1) and equating co-
efficients of like powers of &, we obtain equations for
determining ¢1, ¢2, ¢3. In fact, the basic idea in this
method was the inclusion of higher-order dispersive
effects through the introduction of the scaling para-
meters gand A in a special way, to balance the higher-
order nonlinearities with dispersion. Furthermore, the
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scaling parameters are obtained as part of the solution
S0 as to remove the possible secularities in the solution.

In the present work, we extend the application of the
modified reductive perturbation method to the symmet-
rical regular long wave equation to examine the contri-
butions of higher-order terms in the perturbation ex-
pansion. It is shown that the lowest-order term in the
expansion is governed by the nonlinear Schrodinger
equation, whereas the second- and third-order terms
are governed by the linear Schrodinger equation with
inhomogeneous terms. In the long-wave limit, progres-
sive wave type solutions are obtained for the first-,
second- and third-order terms of the perturbation ex-
pansion. Besides, the scale parameters are obtained as
part of the solution so as to remove the possible secu-
larities in the solution.

2. Modified Reductive Perturbation Method for
Symmetrical Regular Long Wave Equation

In this section we focus our attention on the inves-
tigation of the symmetrical regular long wave equa-
tion [6] given by

O+ oyt B9+ Yot =0, Wt =y,

where o, B and y are constants. It describes the prop-
agation of ion-plasma acoustic waves in space under
weakly nonlinear action. [6] gives the soliton solutions
of it in the case of o« = -1, § =1/3 and y= —1.
Clearly, differentiating the first formula once with re-
spect to time and eliminating y, the formula can be
turned into

e + adex+ B(9%)x + Yot = 0. (3)

First, the following stretched coordinates may be intro-
duced:

E=e(x—At), T=¢gt, (4)

where ¢ is the smallness parameter, A and g are the
scale parameters that characterize the higher-order dis-
persive effects. Therefore, we shall assume that A and g
depend on the smallness parameter € and may be ex-
panded into an asymptotic series of € as follows:

AZA«O‘FzgnAn, g:1+28ngn (5)
n=1 n=1

We can for instance use
A=A+eEA+ 8212 + 8313,
g=1+¢e01+ €0y + €303.

Hence the following transformations are valid:

99,9
ox ox 9d&’
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We shall further assume that the field quantities depend
on the fast variables (x,t), the slow variables (¢, 7) and

the smallness parameter €. The field variable ¢ may be
expanded into an asymptotic series as

¢ = +e2P+e3ps+e'dy+ €305+ . (7)

Introducing (6) and (7) into the field equation (3) and
setting the coefficients of like powers of & equal to
zero, a set of equations at different orders of € are ob-
tained:

&' order equation:

For Ao Fe
52 o T O ®
€2 order equation:
& ¢ a0 BN
*52 TV T +2y8t28x8§ ©
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Fos s I¢s
“2 o T T (12)

and so on; we omit the following expressions for sim-
plicity.

3. Solution of the Field Equations

In this section we shall present a solution to the field
equations given in (8) —(12). As it is well known, if the
nonlinear effects are small, the system of equations that
describes the physical phenomenon admits a harmonic
wave solution with constant amplitude. If the ampli-
tude of the wave is small-but-finite, the nonlinear terms
cannot be neglected and the nonlinearity gives rise to
the variation of amplitude both in space and time vari-
ables. Then the amplitude varies slowly over a period
of oscillation. A stretching transformation allows us to
decompose the system into a rapidly varying part as-
sociated with the oscillation and a slowly varying part
such as the amplitude. Now, seeking a harmonic wave
type of solution to (8) we have
7)expli(kx— wt)] +c.c.,

o1 =0 (&, (13)

where o is the angular frequency, k is the wave num-
ber and c.c. stands for the complex conjugate of the
corresponding expression.
In order to have a nonzero solution for ¢1(1> (&,7) the
following dispersion relation must be satisfied:
, ok

® =1 (14)
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Introducing (14) into (9) we have
&2 e P
“o& Voo T e
15
—2i(—ak+ YAowk? — Ao + ya)zk) g’% gl® (15)

+c.c.=0,

where the phase ¢ is defined by ¢ = kx— wt. We shall
seek a solution to this equation of the form

2

=Y o exp(ilp) +c.c. (16)
=1

As is seen from (15), it is ¢2(2) = 0. In order to have a

nonzero solution for ¢1(1) the following condition must
be satisfied:

ok ) .
Ao = 170~ dk (group velocity). (17)
Here, ¢2(1) remains as another unknown function to be

determined from higher-order contributions.

To obtain the solution of the £3 order equation, we
introduce the solutions given in (13) and (16) into (10)
and obtain

s oz 0s
* ox2 +y8x28t2 + ot2
az¢(1>
+ {(Ag — 4ydook — YAZK? + o — yo?) =2
9%E (g)
oo 299 (12,4 (D) o
+ 20i(#¢ - 1) = +3Bwklo;” ol feio

+9Bwk(¢{”)3e39 1 c.c. =0,
Equation (18) admits a harmonic solution of the form

3
=Y o exp(ilp) + c.c. (19)
I=1

Introducing (19) into (18) we obtain the nonlinear
SchrO’dinger equation

3¢ ol 12,1
=t *Paé +QoV 2o =0, (20)
provided that the following relations hold true:
07 =0,
®_ Bk MWz (21)
& — 02+ 9yw?k? — ok? (7%,
w =2,
where
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A& + o — yw? — dydowk — yAZK? _ 3Bwk
20(—1+ yk?) T 20(—14yk2)’

To obtain the solution of the £# order equation we introduce the solutions given in (13), (16) and (19) into (11),
and obtain

Fos o s L2 99" (1)y2
. +{{—I(Pk B-+2Qo) e + 2000}’ }(q) )

(1) (1)
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P:

(22)

(04

82 q)z(l)
0&2

RN =
983

az¢(l) .
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+i2y(AZk+ Aow) 3798

(3) .
+{6i(—9yk3a—9ylok2w+ak+low)ag‘% +[—9Bi(w+aok) g’% +6PK2gS! ](q; >)2}e3'q’+c.c.:o.
Again, this equation admits a solution of the form where Al(q) ) is defined by
4 2 (1) (1)
= Y exp(ilg) +c.c. (24) m,_ 39 ¢1 : a¢1 0 99 26
o Zi% (ilp) A9 = K 970E +ig - il 3¢ , (26)
Introducing (24) into (23) has the resulting equation and
3k
200 o) o =0 =0, o =28 (e 1)

5o +P e +2Q0 7 ;" -

The left-hand side of (25) is the linear Schrédinger

Q(‘Pl ) ¢ - Al(q)( )) equation in terms of ¢2(1) and the right-hand side is an
inhomogeneous source term in terms of q)l(l).

Finally, for the solution of the £° order equation, we introduce the solutions given in (13), (16), (19) and (24)
into (12) and obtain
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We shall propose a solution to (21) of the form

5
=Y ol exp(ilp) +c.c. (29)
1=1

In (28), for our future purposes we only need the equa-
tion proportional to e'?, which reads

P) o'V .
qa)_+p 8232 200626/ + QoM 20
Aa(91Y 05), (30)
where the function A2(¢1(1),¢2(1)) is defined by
Aa(0 05" =
2 (1) 4 (1)
3,000 . 6B 38\ 99
B R (AR ag )5E
oSV 3|kﬂ oV 1 Po!
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0o 210%" 309%" 31 %"
K 984 K2019E2 k010 k 0&2
| 3K ¥ 201"
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Again, the left-hand side of (30) is a linear Schrodinger
equation and the right-hand side is an inhomogeneous
term in terms of ¢1(1) and (2)2(1).

The other equations of the asymptotic series can be
determined in a similar way.

4. Progressive Wave Solution

In this section we shall try to find the progressive
wave solution to (20), (25) and (30). For that purpose

2

dh J°h dh
2 2
(2I|( _8§ —2kehQ — GwBC 12IwBC
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we introduce

oY = u(¢)expli(KE — Q1)), ¢ =& —vpt, (32)

where (&) is an unknown real function of its argu-
ment, K, Q and the speed v, of progressive waves are
some constants to be determined from the solution. In-
troducing (32) into (20) we obtain

82
Q K2 3 —

P 3 +( P)u+Qu* =0, (33)

provided that v, = 2PK. This indeed coincides with the

result of the classical nonlinear Schrodinger equation

under progressive wave solution (see for instance [7]).

Obviously, (33) admits the following type of solitary

wave solution:
1/2
u = Asech [(%) AC|,

where QP > 0,0 = PK2 — QA? /2, the speed v, of the
progressive and the speed ve of enveloping waves are,
respectively, given by vp = 2PK, v, = PK — QA2 /(2K),

and
1/2

where QP < 0, Q = PK? — QA?, the speed v, of the
progressive and the speed v of enveloping waves are,
respectively, given by v, = 2PK, Ve = PK — QA2/K.
Here, in both cases A stands for the amplitude of the
solitary waves. In order not to repeat, we select the zero
boundary travelling solitary wave solution (34) as an
example in the following.

To solve (25) again we assume a solution for ¢2(1) of
the form

05" = h(&) expli(Ké — Q1),

where h({) is a complex function of its argument. In-
troducing (32), (34) and (36) into (25) and (26) we ob-
tain

(34)

u = Atanh (35)

(36)

K+ 6th2) sinh(x&)cosh(x¢)®

+2 ( — LAICQ + 3Aky 2y, — 3AKK Q — llAk2K> sinh(x ) cosh(x£)?
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—2(iglAk2;(vp + 3IAKK v, + 3iAky Q + i/llAkzx> sinh(x )2 cosh(x )

—3(2[3A2hk3 n [3A2h*k3> sinh(y &) cosh(x ) — 12Akx 2 sinh(x£) =0,

(37)

where for convenience, we have defined y > = QA?/(2P). The form of (37) indicates that h({) is complex, i. .,
h(&) =h1 (&) +ihx(&), the real and imaginary parts must satisfy the following sets of equations:

2 3
2 ( —KQhy — 3w% +30K2hy)sinh(x &) cosh(xC)
2
+2(— 3AKKR — AR — ARIK + M) sinh(y &) cosh(x ) (38)
72Ax°wK

—9BK3A%hy sinh(y &) cosh(x &) —

o°h
— K 2h, _3p2_2 3
2( k-Qh; +3wK*h; — 3w 2 )Cosh(xC)

— 3BK3AZh, cosh(y &) +2 (— MAKEy — 3AkyQ (39)

18AK?y @

—6g1AY 0K — T) sinh(x&)cosh(x L) = 0.

By employing the hyperbolic tangent method a pro-
gressive wave type solution

3AK

h, = —Tsech(xéj), h,=0 (40)

is sought and possible secularities are removed by se-
lecting the scaling parameters as

9(BK3AZ +4mK?) _ 6K
a3 B E e

= (41)

For the solution of (30) we again assume a solution
for ¢3(1) of the form

o5V = (&) expli(KE — ),

where s({) is a complex function of its argument. In-
troducing (42) into (30) we obtain

(42)

2
(kaz(%ﬁ - %ﬁAzsk5> cosh(x&)®

+ (— 8vpK¥iAy? + 18IBA%KC 2K ) sinh(x§)cosh(x£)
+cpcosh(x&)* + (3[3A25k5 + gﬁA2k53*> cosh(x¢)®
+cpsinh(x &) cosh(x&)® + czcosh(y £ )?

+24Ax* - 3 B2AKE —18BA%E Y% =0,

32w (43)

B sinh(x &) =0,

where
cL= %ﬁ%’kﬁ + LAKK + 6BANKK?
- :1—3[3A3k3%2 - 52—5coAK4 + 3wAK?g,K?

—§A3k592[3 + oAt +1410AK?y2,
G =i (\/p|<4Ag2 x — 1100AK3y + 8wA 3K (44)

51
+ ALk + 2 BAIK )

9
C3=—g B2ASKE — 2820AK 2y ? — 20wAy*

+ 82—7[3A3|<3K2 +30BAK3 2.

The form of (43) reveals that s({) must be com-
plex, e.qg., S(§) = s1(¢) +is(&), the real and imagi-
nary parts must satisfy the following differential equa-
tions:

—24BAAE ws; cosh(y &) + (327tlcoAk4K

+ 1928 0A3KK? + 9B2AKE + 45120?AK? y 2
+ 96AK?g; 0%K? — 88000?AK* — 264B A3k’ 2
—24N%Cg 08 + 32w2Ax4> cosh(x¢)* )
+144BA2S ws; cosh(y &)® + (960[3wA3k3 2
+1392B wA3KCK? — 3632A%K — 640w Ax*

— 902402AK? xz) cosh(y &)% + 768w2Ax*
—576B0A3K3 y2 — 3B2A%K =0,

[(102/3A3k3xwl< 1 240° ARG X K + 4A0AK y
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Fig. 1. The structures for (a) |o\”|, (b) [6SY], (¢) |o"],
0- ‘ : : : ‘ (d) |q>?(,3)|, (&) |@appr| With the corresponding parameters N =

-4 -2 0 2 4
Xi

)]

k=w=B=1K=-0442, y =1.065, A=2.13, ¢ =0.1.

—44Ow2AK3x+32w2Ax3K> cosh(x¢)? After some elaborative calculations, the solutions of
o 3 33 these equations yield
—1920°Ax°K+72BA K|sinh
@*Ay*K+ T2BAIE oK sinh 1) (1188KA — 205k2N) ,
—3BA%Cws; cosh(y &)* s = o8k sech(x &) + Nsech(x¢)?,

+EpAIC s, cosh(¢)° = 0. “46) 5 - 4KX(8w§Z;53Bk3A2>sech(xC)tanh(xC% (47)



614
and the parameters are fixed as

oK (8184NK*K>A+ 4396N2k* + 19965K 'A?)

A2 = 33(11K2A+ 4K2N)K*A ’
_ 5(1320Nk2K?A+ 11979K*A2 — 292N2k*)
2= 198KZA(11K2A 1 4K2N) ’
16N
ﬁ - W7 (48)

where A and N are arbitrary constants. These results
indicate that the scale parameters of various order can
be obtained as a part of the solution so as to remove the
secularities that might occur in the solution.
Therefore, an approximate solution is thus

Qappr = E¢1 + 82¢2 + 83¢3
1 1 1 3
= e0” + 20, + 308 + 0%).
We see that the error E in the approximation thus is
E - (p - (pappr - 0(84).

Figure 1 shows the structures for q)1(1>, (1)2(1), q)él), ¢3(3)
and @appr, respectively, the more detailed parameters
are directly given in the figure caption. Certainly, we
can also continue calculating to get the higher-order
terms. The more terms we get, the closer @appr is
to ¢. In addition t0 ¢appr, € is a smallness parameter,

and (/)1(1), ¢2(1), ¢3(1) and ¢§3) are localized functions, so
the solution ¢appr cOnverges.

5. Conclusion

In conclusion, the modified reductive perturbation
method has been introduced to the symmetrical regu-
lar long wave equation by use of the stretched time and
space variables in this paper. Therein, for the long wave
limit, we expanded the field quantities into a power se-
ries of the wave number

o= Z £"gn.
n=1
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